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Abstract

Reverse Kullback-Leibler (KL) distillation has shown empirical promise for training language models,
but its statistical guarantees and limits remain poorly understood. In particular, the effects of two design
choices remain unclear: Does access to the teacher’s full action distribution provide an advantage over
observing only the probability it assigns to the sampled action? Must training trajectories come from the
student (online distillation), or can teacher-generated trajectories (offline distillation) suffice? Our work takes
a first step toward understanding the theory underlying these questions.

We study the sample complexity of online reverse-KL distillation under two feedback models: the teacher
reveals either its full action distribution or only the probability of the student-generated action. We establish
minimax bounds for the former and show that substantially more data may be required for the latter. In
contrast, offline reverse-KL distillation can attain the same minimax rate whether the teacher reveals its
full distribution or only its probability of the feacher-generated action. The key distinction is that teacher-
generated actions themselves reveal the teacher’s preferences, while queries at student-selected actions can
leave those preferences unobserved. This highlights an additional statistical challenge for online distillation
compared to offline distillation.

These statistical guarantees do not follow simply from optimizing standard distillation objectives: our
lower bounds show that common online objectives can fail when candidates are evaluated only on past student-
generated trajectories. We develop trajectory-loss and importance-ratio truncation techniques together with
policy-space learning to achieve optimal online distillation guarantees.

1 Introduction

Policy distillation compresses a teacher into a student that may lack the capacity to reproduce the teacher’s
behavior in full. The choice of divergence therefore matters. Forward Kullback—Leibler (KL) divergence
(i.e., KL(teacher||student)) encourages the student to cover the teacher’s full range of responses. Reverse KL
(i.e., KL(student|[teacher)) instead allows a limited-capacity student to concentrate on teacher behaviors it can
represent, while discouraging responses that are unlikely under the teacher. Reverse KL has shown empirical
promise in on-policy distillation for large language models (LLMs), where the student generates responses and
learns from the teacher’s action probability at the observed state [Gu et al., 2024, Agarwal et al., 2024, Lu and
Thinking Machines Lab, 2025].

Although the empirical results are promising, the optimal statistical guarantees for reverse-KL learning remain
unclear. The statistical question depends first on what information the teacher provides. Some distillation
methods only use the teacher’s probability on student-generated actions [Lu and Thinking Machines Lab, 2025],
whereas recent studies report benefits from access to the teacher’s full action distribution [Li et al., 2026b, Yu
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et al., 2026, Fu et al., 2026]. Whether this richer form of teacher feedback improves statistical efficiency, and by
how much, remains open. Moreover, reverse KL is evaluated under the student’s distribution, so training typically
uses student-generated responses. It is therefore unclear whether learning from offline teacher-generated data
can match or even improve on the statistical guarantees attainable from online student rollouts.

To answer these questions, we study sequence-level reverse-KL learning with a student policy class that may
not contain the teacher, allowing for misspecification. Our framework distinguishes two aspects of the learning
process: who generates the training trajectories and what information the teacher provides along them. The
trajectories come either from student policies chosen adaptively by the learner in the online setting, or from the
teacher in the offline setting. With either data source, the teacher may reveal its entire action distribution at each
visited state (full feedback) or only the probability of the observed action (action feedback). Across these four
settings, we study how closely a learner can match the best student in its policy class for a given number of
training trajectories.

We give a rather complete picture for this problem. With full feedback, we establish the minimax-optimal
guarantees for reverse-KL learning under a relative second-moment assumption. For the online setting, we
first show that common local distillation losses can be suboptimal. These objectives, motivated by DAgger
and on-policy distillation [Ross et al., 2011, Lu and Thinking Machines Lab, 2025], evaluate candidate policy
on states generated by the rollout policies, including state that a candidate itself would rarely visit, which
can distort policy rankings. Our algorithm (Algorithm 1) corrects this mismatch by reweighting the observed
prefix to account for each policy’s own generation behavior, attaining the optimal guarantee (Section 3). For
the offline setting, we develop a new algorithm (Equation (12)) that attains the same optimal guarantee from
teacher-generated trajectories.

With action feedback only, online learning can require substantially more samples than with full feedback
(Section 3.4). Yet under a trajectory likelihood-ratio bound, offline learning with action feedback can still obtain
a comparable guarantee to full feedback learning (Sections 3.4 and 4). These results show that richer feedback
can improve online sample efficiency, while surprisingly optimal reverse-KL learning need not require online
interaction.

Formally, let 7* be the teacher policy, IT be the student policy class, and P™ the sequence distribution generated
by 7. Our guarantees take the form

log(|T1}/9)

KL(P™|P™) < Capp min KL(P™||P™) 4 Ceg
mell T

with probability at least 1 — ¢, using 7" complete episodes and returning 7 € II. Here Cly,), (approximation
factor) measures the approximation cost of competing with the best available student, and Cg (estimation
factor) controls the estimation error. At the minimax scale of Cegt, we characterize the smallest attainable Clyp,p.
Table 1 summarizes the guarantees and separations.



Table 1: Reverse-KL learning by data source and teacher feedback. Approximation coefficients are compared at
the optimal estimation scale.

Data source Feedback Assumption Capp Clost
Relative second moment

Online / Offline  Full Epr~[K2] < BEp=[K,] O(B) O(B)

Offline Action P (1) < &P P (1) O(Bs) O(Bs)

Online Action P (1) < B P (7) — Q(kg;oe;g))

Here K, (1) = Zthl KL(mn(- | su)llm(- | sn)) for every feasible trajectory 7 = (s1.m,a1.m), and m =

min{|.A|, |II|, eP>=}. The assumptions hold for every 7 and feasible trajectory 7. The trajectory likelihood-ratio condition
is stronger and implies the relative second moment condition with B = 4(By, + 1) (Lemma D.1).

Related work. Our closest theoretical predecessors Rohatgi et al. [2025] and Xu et al. [2026b] also study
imitation learning under misspecification. Rohatgi et al. [2025] obtain constant approximation and estimation
coefficients for learning trajectory Hellinger distance with computationally inefficient algorithms, and show that
standard next-token prediction approaches (e.g. cross-entropy loss) must suffer an Q( H) approximation factor
where H is the learning horizon. Xu et al. [2026b] establish a constant approximation factor for learning forward
KL divergence under standard cross-entropy loss, but the estimation error scales with a boundedness factor. Both
papers only study offline learning from teacher trajectories with action feedback. We study reverse-KL learning
in both online and offline settings and characterize the statistical advantage of full feedback over action feedback.
Appendix A provides further discussion of related work.

2 Problem formulation

Notation. For a positive integer n, write [n] = {1, ..., n}. All logarithms are natural unless a base is displayed.
We use z Ay = min{x,y}, z4 = max{z,0}, and 1{E} for the indicator of an event E. The notation O,
Q, and © denotes upper, lower, and two-sided bounds up to positive numerical factors, and < suppresses
such an upper-bound factor. We write x =< y when both x < y and y < z. For distributions p, g, write
KL(p|lq) = >_. p(2)log(p(z)/q(2)), where terms with p(z) = 0 equal zero and KL(p||¢) = +oo if p(z) > 0
and ¢(z) = 0 for some z.

Setting. We consider a reward-free Markov decision process with horizon H > 1, discrete state space S, action
set A, initial state distribution 4, and transition kernel Py (- | s,a). A Markov policy m = ()%, consists of
maps 7, : S — A(A), where A(A) = {p € [0,1]M! : 3=, p(a) = 1} is the probability simplex over actions.
We write 7, (a | s) for the probability assigned to action a at state s. Let s, € S and ay, € A denote the state
and action at step k. Under 7, an episode generates a trajectory 7 = (s1,a1,...,5g,a) € T = (S x A)H
by sampling s; ~ p, ap ~ w(- | sp), and, for h < H, spy1 ~ Pp(- | sp,apn). We write P™ for the
trajectory distribution under policy 7, so P™(7) = u(s1) Hthl mn(an | sn) HhH:_ll Pn(sh+1 | Sn,an). Let
&, = (s1,a1,...,8,-1,ap—1, sy) denote the prefix before action aj. Its probability under 7 is P™ (&) =
w(s1) H?;ll mj(a; | s;)Pj(sj+1 | 84,a;). The empty product equals one when h = 1.

The learner is given a finite policy class IT and seeks to imitate a fixed teacher 7*. Define the local reverse KL
between policy 7 and 7* at state s and step h by ky,(s;7) = KL(7p,(- | s)||7} (- | s)). Our target is the trajectory
reverse-KL risk, whose chain-rule decomposition is L(7) := KL(P™||P™") = Epx [Zthl kp(sp;m)]. Let



L* = ming¢er L(). The setting is realizable when 7* € II, giving L* = 0, and agnostic when the teacher need
not belong to the class.

Observation models. With a budget of T complete episodes, we consider four observation models (see Table 1)
that differ in their trajectory source and teacher feedback:

* Trajectory source: In the online setting, at each round ¢ € [T], the learner selects 7, € II based on past
observations and executes it for a complete episode, obtaining 7 ~ P™. In the offline setting, the learner
receives independent teacher trajectories 77 ~ P™ for t € [T].

e Teacher feedback: At each visited state sj,, the learner receives one of two forms of teacher feedback. Full
feedback reveals the teacher’s entire action distribution 7} (- | sp,), whereas action feedback reveals only the
probability 77 (ay, | s5) assigned to the observed action ay,. Either feedback model can accompany online or
offline trajectories, and no feedback is available at unvisited states.

Boundedness assumptions. Our full-feedback guarantees hold under a relative second-moment condition. For
action feedback, we use a stronger trajectory likelihood-ratio bound.

Assumption 2.1 (Relative second-moment bound). There exists B > 1 such that, for every 7 € II,

" 2
Erpr (Z KL (- | s1) | 77 | Sh») < BKL(PT|P™) < .
h=1

By the KL chain rule, the average cumulative local KL under P™ equals the trajectory divergence KL(P™||P™").
Assumption 2.1 thus imposes a Bernstein-type moment condition, the second moment is controlled linearly by
the mean under each candidate policy’s own trajectory distribution. Intuitively, trajectories with cumulative local
KL much larger than B can contribute only a small fraction of the average reverse KL.

This condition is weaker than several uniform boundedness assumptions. For example, a uniform local KL. bound
kn(s;m) < G for all h, s, m implies Assumption 2.1 with B = max{1, HG}. The trajectory likelihood-ratio
bound in Assumption 2.2 below also implies Assumption 2.1, with B = 4(Bo, + 1). Appendix D.1 provides the
precise implications and proofs.

Let Teny denote the set of environment-feasible trajectories 7 = (s1.77, a1.77) satisfying p(s1) HhH;11 Pr(spi1 |
Sh,ap) > 0. Assumption 2.2 gives trajectory likelihood-ratio bound.

Assumption 2.2 (Trajectory likelihood-ratio bound). There is B, > 1 such that P™(7) < ePe P™ (1) for
every m € Il and 7 € Tepy.

The local bound 7y, (a | s) < e“77(a | s) implies trajectory-level bound P™(7) < e%P™ (7). Thus, B and
B, may themselves grow with H, so the absence of an explicit horizon factor in our guarantees does not imply
horizon independence.

Like our Assumption 2.2, Assumption 1 of Xu et al. [2026b] also bounds likelihood ratios, but in the opposite
direction P™" (7)/P™(7) rather than our P (7)/P™ (7). Their assumption requires every student to cover the
teacher for a forward-KL objective, whereas our Assumption 2.2 requires the teacher to cover every student for a
reverse KL objective. Teacher coverage is more natural in many cases because a limited-capacity student may
concentrate on teacher-supported behaviors without representing the teacher’s entire range of behaviors.



Approximation error and estimation error. Following Rohatgi et al. [2025] and Xu et al. [2026b], we seek a
learner that returns 7 € IT such that, with probability at least 1 — 4,

LE) S Capplt 4 Co 28/
\W—/ T

approximation error .
estimation error

The coefficients may depend on B, Bo,, H, |11, |.A| and the observation model. Here L* is the smallest risk
achievable by any student in II. The coefficient Cy,, measures how closely the learner competes with this
best-in-class risk. The coefficient Ceg; scales the estimation term log(|IT|/9) /T, determining how many episodes
are needed for accurate learning. We fix Clog¢ at its minimax-optimal order and characterize the smallest attainable

Capp-

3 Online learning from student trajectories

In this section, we study online reverse-KL learning, where student policies generate trajectories and the teacher
reveals its full action distribution at each visited state. We first show that exact refitting with common distillation
losses can fail because it evaluates candidates under mismatched visitation distributions. We then introduce an
algorithm that corrects this mismatch and attains the optimal guarantee.

3.1 Why common objectives can fail

A natural approach fits each new student to the teacher’s predictions on states visited during training, as in
DAgger-style refitting and the local objectives used in on-policy distillation [Ross et al., 2011, Agarwal et al.,
2024]. At round ¢, the current student 7, generates a batch of complete trajectories with full teacher feedback.
Let D; contain all trajectories observed so far. The learner chooses the next student by

m1 € argmin Qy(m; Dy). (1
mell
The objective may use any nonempty subset of D;, including only the latest batch, or assign arbitrary nonnegative
weights to complete trajectories. These choices may depend on the observed data but must be the same for all
candidates. If 7; is already an empirical minimizer, the learner retains it.

For example, reverse-KL refitting minimizes a weighted sum of Zthl kn(sp; ) over the selected trajectories.
Such local reverse-KL losses appear in generalized knowledge distillation and recent on-policy distillation
studies [Agarwal et al., 2024, Li et al., 2026a]. Other choices include forward KL, mixtures of the two KL
directions, and clipped KL losses [Lin et al., 2020, Wu et al., 2025, Zhao et al., 2026]. Appendix B.1 specifies the
allowed losses and transformations. The result concerns exact refitting with these objectives, not every gradient
update used in the cited methods.

Changing which trajectories are retained does not necessarily correct the visitation mismatch. A candidate 7
is still evaluated at states visited by the rollout policies, rather than according to how often 7 itself would visit
those states. In the construction below, a constant-probability event makes every observed trajectory favor a
high-risk policy, so selecting a different subset cannot improve the empirical ranking.

Proposition 3.1. For every sufficiently large B, there is an H = 2, |II| = 2 instance satisfying Assumptions 2.1
and 2.2 with Bog = 2B and L* < e~%B) on which the refitting rules above fail. Under uniform random
initialization, after T = ©(B3) episodes, the policy returned by the final refit has risk Q(B) with constant
probability, even with adaptive selection and weighting of past trajectories.




The construction has a high-risk policy 7.4 that frequently visits a state where the near-optimal policy g4
has a large local loss. Although 7,.0q rarely reaches this state itself, its loss on trajectories from 7y,,q makes it
look worse. With constant probability, random initialization selects 7,4 and every subsequent refit retains it,
even if past data are discarded. Our algorithm reduces the influence of prefixes that the evaluated policy would
rarely reach.

3.2 Correcting visitation mismatch

Suppose 7; generates a trajectory (s1.z7, a1.7) at round ¢ € [T']. Full teacher feedback reveals the local loss
kp(sp; ) for every candidate 7 at each visited state, but the visited prefixes are sampled according to 7; rather
than 7. Writing &, = (s1,a1,...,Shr—1,an—1, Sp) for the prefix before action ay,, standard importance weighting
multiplies a loss at &, by P™(&p,)/P™ (&p,). Under rollouts from 7, this changes its expected coefficient from
Pt (&) to P™(&y). However, the importance ratio can be arbitrarily large when a prefix is rare under 7;, making
the resulting estimate highly sensitive to rare observations.

We therefore clip the weight at one, giving min{1, P™(&;,)/P™ (&) }. Any loss attached to &, then enters the
expectation with coefficient P™ (&) min{1, P™(&,)/P™(&,)} = min{P™ (&), P™ (&)} Thus, a prefix &,
that 7 visits less often than 7, is downweighted to P™(&},), whereas a prefix that 7 visits more often is not
amplified beyond P™*(¢;,). The ratio can be computed as P™(&,)/P™(§) = [[,cp mulaulsu) /T u(au|su)
because the transition probabilities cancel.

Although each importance ratio is clipped, the local KL losses along a trajectory can still sum to a large value.
We therefore consider the clipped cumulative local loss min{ 1, Zthl kn(sp;m) } To combine this trajectory-
level clipping with the step-dependent prefix weights, we decompose the clipped total loss into increments.
Specifically, let e;, (£5,; ) be the increase caused by adding the local loss at step A,

h—1
en(&n; ) mln{ Zk Sui T }min{l,Zku(su;ﬂ')}. )
u=1

The increments ey, (&; 7) are nonnegative and Zthl en(&p;m) mm{l Zh 1kn(spym } < 1.

The two clipping operations reduce the influence of rare, high-loss observations, but they also discard information
about the original reverse-KL risk. To quantify what remains, let L(7) := Epx= [Zthl en(&p; )] denote policy
m’s expected clipped loss.

First, under Assumption 2.1, clipping incurs a factor O(B),
L(m) < L(r) < B L(r). 3)

Thus, controlling the clipped loss L() suffices to control sequence risk L(7), at a cost of B (Lemma D.2).

Second, the rollout policy 7; may rarely visit prefixes that are important to 7. Since the importance weight is
clipped, trajectories from 7; cannot fully recover 7’s loss on prefixes &, with P™ () < P7(&,). The clipped
importance sampling ratios retain each increment ey, (§5,; 7v) with probability mass min{ P" (&), P™ (&)} rather
than its full mass P™ (&) in L(7). More generally, for any 7, 7 € II, we define

H ﬂ'
Zmin{l, 1]; Z ))} (&psm
h=1

Here, 7’ in the subscript is the rollout policy, while 7 inside L(r) is the policy being evaluated. In episode ¢,
we take 7' = ;. Since Trung, [L(7)] retains only the prefix mass shared by 7 and 7, it may underestimate

Trun, [L(7)] :=Epw

me{P (&), P 7Tl(fh)}eh(fh;ﬂ)- 4

h&n




L(). Indeed, 0 < Trung, [L(7)] < L(r). The key fact is that when L(7;) is small, the truncated quantity still
controls L (7). Lemma B.1 gives

L(m) < 64 (Trung, [L(7)] 4+ L(m)) . (5)

Equation (5) shows why the quality of the rollout policy matters. When L(m;) is small, a candidate 7 with
substantially larger L(7) must also have a large Truny, [L(m)]. Thus, even after truncation, losses observed on
rollouts from 7; provide evidence against 7. Since the learner does not know in advance how to choose a rollout
policy ¢ with small L(), the observed losses must guide both candidate evaluation and the choice of future
rollout policies.

3.3 Online learning for reverse KL. minimization

To let the observed losses guide future rollouts, our algorithm assigns each candidate 7 a weight wy(7) and
samples 7; ~ w; in episode ¢. After executing 7, the learner observes the trajectory 7, = (s¢,1:, a¢,1.) and
full teacher feedback 7*(-|s ) for every h € [H]|. These observations are used to compare every 7 € II with
m¢. At the observed prefix & p, = (S¢,1, a1, -+ , St,1), the loss ¢(m) subtracts ep, (& p; 7¢) from ep, (& p; 7) and
applies the same clipped prefix importance sampling weight to both terms, yielding

- {17 P (&)

P’”(&th)} (en(&ensm) — en(Eensme)).- ©

h=1

Let E; denote expectation conditioned on the history before round ¢, averaging over both 7; and its trajectory.
We have

E¢ [6(7)] = Eryow, [Trung, [L(7)] — Trung [L(m)]] . (7

Thus in expectation, ¢;(m) compares the losses of 7 and 7; under prefix probability mass min{P" (& ),
P7t(& 1) }. From clipping, each of the two weighted sums in Equation (6) lies in [0, 1], so £;(7) € [—1,1].

Our algorithm is Algorithm 1. The exponential-weights update turns ¢;(7) into a change in sampling probability.
Since ¢;(m:) = 0, a positive ¢;(7) decreases the weight of 7 relative to 7, while a negative value increases the
weight of 7. Candidates with smaller accumulated losses 3" _, £, () receive larger w;1(7) and are therefore
more likely to generate subsequent trajectories. The algorithm outputs the policy with the largest final weight

WT+1-

Algorithm 1 Online learning by bounded prefix comparisons
Require: Policy class II, episode budget 7T'.
1: Setwy(m) = 1/|I| for all m € Il and n = 1/256.
2: fort=1,...,7T do
3: Sample m; ~ w, and execute it for the entire episode.
4: Observe the trajectory 7, = (8¢,1:1, ar,1.1) and the teacher distribution 7*(-|s, ) for every h € [H].
5
6

For every w € II, compute the loss ¢; () using Equation (6).
wy () exp(—nty(r))
wen We(7') exp(=nly (7))

for all m € II.

wy1(m) = )y

7: end for
8: Return 7 € argmax, iy wry1(7), breaking ties by the smallest candidate index.

The following theorem shows that Algorithm 1 achieves the optimal estimation scale while competing with L*.



Theorem 3.2 (Online full-feedback guarantee). Under Assumption 2.1, for every 6 € (0, 1), Algorithm 1 returns
a candidate satisfying, with probability at least 1 — 0,

LF) < O<B [L* + bg('ﬁ’/é)]) . (®)

The O(-) notation hides only universal numerical constants.

Under Assumption 2.2, Lemma D.1 gives Assumption 2.1 with B = 4(By, + 1), so Equation (8) holds with
B replacing B.

Theorem 3.3 establishes the tightness of both coefficients in Equation (8).

Theorem 3.3 (Optimality of full-feedback learning). For both online and offline learning with full feedback,
the minimax estimation coefficient is Cesy = O(B) under Assumption 2.1 in the realizable setting. Any learner
achieving Cesy = O(B) on all instances must incur Cypp, = Q(B) in the worst case. Under Assumption 2.2, the
same conclusions hold with B, replacing B.

Together, Theorems 3.2 and 3.3 show that Algorithm 1 attains the optimal estimation rate and the smallest
possible order of approximation coefficient at that rate. The estimation and approximation lower bounds are
proved in Appendices B.4.1 and B.4.2, respectively. Below, we give a proof sketch for the upper bound.

Proof sketch of Theorem 3.2. By the standard second-order exponential-weights analysis [Lattimore and
Szepesviri, 2020, Eq. (27.2)—(27.3)], for a fixed minimizer 77 € arg min, ey L(7), £(7) € [~1,1],and 5 < 1,
we have

T T
log |11
- yont) <SS it 400 (o ®
t=1 t=1 well t=1 well
benchmark loss weighted loss quadratic term

We further bound the conditional expectation of the three terms above. For the benchmark loss,

E; |:£t(7TT):| =Enrow, {Trunm [Z(WT)] — Trun_+ [f(wt)ﬂ (Equation (7))
< L*+ L(x") - 6i4Emet [L(my)] (Trung, [L(n")] < L(=T) < L* and Equation (5))
<o - 6714 S wi(m) T (m). Tt < 1)

mell

The weighted loss has zero conditional expectation:

E;

Zwt(w)ft(ﬂ)] = Z wt(w)wt(m)<Trunm [L(m)] — Trun, E(m)D =0. (10)

mwell €1l

For the quadratic term, since ey, (& ;) € [0, 1], we have

] <E

Z mm{ P ggt’;)) } (en(&en; ™) + en(€ens )

= Emet [Trung, [L(7)] 4+ Trung [L(m)]] < L(7) + Exyow, [L(m)] -




Weighting by w () yields E; [}, oy we(m) 6y (m)?] < 23 oy we(m)L().

Combining everything above with Equation (9) gives

1 [ -
—E Z Z we(m) L(7)

t=1 well

log
<2TL* + —1-2 E

>3 ulen)|

t=1 well

With 7) = 1/256 as in Algorithm 1, self-bounding yields E[L 3>, 3 w,(7)L(m)] < O(L* + &M which
further implies E[£ Y, > wy(m)L(m)] < O(B[L* + logT‘m}) by Equation (3) under Assumption 2.1.

Since 7 ~ wy, this gives an expected-risk bound when the output policy 7 is uniformly sampled from
{m1,-- ,mr}. Our Algorithm 1 instead returns 7 € argmax, . wryi(m) for a high-probability bound.
Its high-probability analysis uses the same second-moment bounds that control the quadratic term to bound
accumulated sampling fluctuations. The full high-probability analysis appears in Appendix B.2. O

Extension to Hellinger distance. The same algorithmic approach also applies to Hellinger distance
D% (P,Q) S.(VP(2) — v/Q(2))%. We define policy 7’s local loss on prefix &, as gn(&p;m) =

1;3:((5’3) D? (ﬂh(-]sh), 7t (-|s)) with Ep= [ S5 gn(&n; m)] = DF(P™, P™). We also clip the cumulative

local loss by letting e}l (&,; 7) = min{l 22:1 gu(&y; )} — min{1, Zu 1gu(§u7 m)}. The algorithm then uses

losses ly(m) = Zh , min {1 Jea étt};) } (el (&ensm) — €71 (&,n; 7)) in the same exponential-weights update as
Algorithm 1. The full algorithm for online Hellinger distance learning is provided in Algorithm 2. Theorem 3.4
establishes constant approximation and estimation coefficients for online learning with full feedback, matching

the guarantee of Rohatgi et al. [2025] for offline learning from teacher trajectories.

Theorem 3.4. Let 7 € I1 be the output policy of Algorithm 2. With probability at least 1 — 0, DI%(P%, P™) <
ming ey DF (P, P™") + log(|T1|/8)/T.

Under Assumption 2.2, every policy m € II satisfies D3 (P, P™") < KL (P™||P™") < BoD}(P™,P™)
because (vz — 1)2 < zlogx — 2+ 1 < Boo(y/x — 1)? for 0 < z < eP. Thus, the guarantee of Hellinger
distance can be transferred to reverse KL divergence at the cost of B,,. Thus, Theorem 3.4 directly implies
L(7) < O(Boo [L* + log(|I1]/6)/T]). However, a similar reduction does not hold under Assumption 2.1 (see
the construction in Proposition C.1), so Algorithm 1 provides more general guarantees.

3.4 The Limitation of Action Feedback in the Online Setting

Algorithm 1 uses the teacher’s full action distribution to evaluate the local KL losses of every 7 € II. With action
feedback, the learner only observes the teacher’s probability on its chosen action, while the probabilities of other
actions remain unobserved. The following lower bound shows that this missing information can significantly
increase the sample requirement of any learner, even in the realizable setting.

Theorem 3.5 (Online action-feedback lower bound). For a sufficiently large T, every online learner returning
a policy @ € Tl with action feedback from the teacher has a realizable instance satisfying Assumption 2.2, on

which L(7) = Q (min{\A\, |TT|, B }M) with probability at least 1/4.

Compared with the full-feedback guarantee in Theorem 3.2, this lower bound requires an additional factor of
min{|A|, |TT|,eP>=} in the estimation error even in the realizable setting. Full feedback therefore provides a
statistical advantage over action feedback in the online learning setting.



4 Offline learning from teacher trajectories

In Section 3, the learner chooses a rollout policy in each round and uses the observed losses to guide future
rollouts. In the offline setting, the learner instead receives 7" independent teacher trajectories 77 ~ P™ with
T = (851,051, 8 g af r)- We will discuss algorithms to deal with both full feedback and action feedback
for the offline setting in this section.

4.1 Offline learning with full feedback

Full feedback reveals ky (s}, ;m) for every candidate 7 at each teacher-visited state. A natural estimator
minimizes the average accumulated local KL over the teacher trajectories,

Traw Eargmm—ZZkh Sth, (11)

mell t=1 h=1
However, Proposition 4.1 shows that although this algorithm can obtain the optimal estimation rate in the
realizable setting, it suffers Cypp, = Q(B?) approximation error rate under misspecification even under the

stronger pathwise bound ZhH:1 kn(sp;m) < B, which is suboptimal compared with the lower bound in
Theorem 3.3.

Proposition 4.1 (Unclipped offline ERM). Under Assumption 2.1, if 7 € 11, then for every § € (0, 1), with
probability at least 1 — 6, L(Tyaw) < O(Blog(|11|/0)/T). Under misspecification, even under the stronger
pathwise bound Zthl kn(sp;m) < B as in Lemma D.1, a uniform guarantee for Equation (11) with an
estimation term vanishing as T — oo requires Cypp = Q(B2).

The failure under misspecification arises because teacher trajectories may visit states that a candidate 7 never
reaches. Large local KL losses at these states do not contribute to L(7), but can dominate the objective in
Equation (11) and cause it to reject 7 even when L(7) is small. Similar to the online setting, our estimator limits
each trajectory’s contribution by clipping the accumulated loss, yielding

Weargmmme{ Zkh Sthv } (12)

mell

Theorem 4.2 (Offline full-feedback guarantee). The estimator in Equation (12) satisfies the high-probability
guarantee of Theorem 3.2 under Assumption 2.1.

Under Assumption 2.1, clipping preserves the optimal estimation rate in the realizable setting while improving
the approximation coefficient from the 2(B?) required by the unclipped estimator to O(B) in the pathwise
special case, matching the lower bound in Theorem 3.3.

We now provide a proof sketch for Theorem 4.2. Let ji(7) = LS~ min {1, ST ke( ST m)} and p(m) =

Epr [ min {1, Zthl kn (s: i) H . With probability at least 1 —¢, standard Bernstein concentration for bounded
nonnegative losses gives for all 7 € II,

itm) < autm) + O(PELI) i) < ) + oI

Since 7 minimizes z in Equation (12), these inequalities give

M%S3m®+00%qwm>—3ggm>+OC%%W®><9ggM>+O<Mﬂ?“§_
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To get the target risk bound on L(7), we need to connect p() with L(r), and bound L(7) through Equation (3).
The challenge is that () averages losses under P™", whereas L () averages ‘under P7. After clipping, this
change of measure costs only a constant factor. Lemma B.1 establishes y(7) < L(7). Thus, with probability at
least 1 — 6,

L Jos(I/8)

tog(I/0) _ o os(/)
~ = T

L(7) < u(7) < mi L
(7) S u(@) S min p(m) + — min L(m) + —=
Equation (3) converts this bound to L(7), introducing a factor B under Assumption 2.1. Appendices B.2.1 and C

give the full change-of-measure and concentration arguments.

4.2 Offline learning with action feedback

Action feedback reveals the teacher’s probability only for the observed action, so the local KL losses in
Equation (12) are generally unavailable. Even under realizability, Assumption 2.1 alone does not permit
a uniformly vanishing risk bound for offline learners with action feedback (Proposition C.1). We instead
only consider Assumption 2.2 and use the offline Hellinger estimator of Rohatgi et al. [2025], which returns
7 € I satisfying, with probability at least 1 — &, D% (P™, P™") < mingepn DE(P™, P™") + log(|T1|/8)/T.
Under Assumption 2.2, the Hellinger-to-KL conversion in Section 3.3 gives L(7) < Boo D (P, P™") and
mingen D (P, P™) < L*. Substituting these inequalities gives the following guarantee.

Proposition 4.3 (Offline action-feedback guarantee). Under Assumption 2.2, let © € 11 be the output of the
estimator in Equation (11) of Rohatgi et al. [2025]. For every ¢ € (0, 1), with probability at least 1 — 6,

15 < 0B [+ U] @

The lower bounds in Theorem 3.3 also hold for offline learning with action feedback under Assumption 2.2.
Thus, the reduction from Hellinger to reverse KL learning is minimax optimal in this setting. Proposition 4.3
and Theorem 3.5 show that, under Assumption 2.2, offline action-feedback learning can require exponentially
fewer episodes than online action-feedback learning in the worst case.

5 Conclusion

We characterize how data source and teacher feedback shape reverse-KL learning under misspecification. For
the online learning setting, we show the failure of common empirical algorithms and provide the first algorithm
achieving the optimal guarantee under full feedback and a relative second-moment condition. We further
show that full feedback can significantly improve online sample efficiency over action feedback. For the
offline setting, we also establish algorithms with tight bounds, demonstrating that under a trajectory likelihood-
ratio bound, teacher trajectories can avoid the additional sample cost of online learning with action feedback.
Future work includes developing and empirically evaluating practical distillation algorithms based on our prefix
reweighting and trajectory clipping mechanism, and determining the optimal statistical guarantees achievable by
computationally efficient learners.
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A Related work

Offline imitation learning theory Offline imitation learning asks what can be learned from a fixed set of expert
demonstrations without further interaction. In the realizable setting, classical analyses of zero-one-loss behavior
cloning relate action-prediction errors to compounding errors in task performance [Ross and Bagnell, 2010].
Rajaraman et al. [2020] characterize minimax task-performance guarantees in finite-state MDPs, showing that
error compounding can be unavoidable when dynamics are unknown. With known dynamics and a deterministic
expert, improved dependence on the horizon is possible [Rajaraman et al., 2021]. For general policy classes
under realizability, Foster et al. [2024] show that log-loss behavior cloning admits horizon-free guarantees when
the cumulative reward range and policy-class complexity are controlled. Additional offline data provide another
source of information: MILO learns a dynamics model from auxiliary transition data and mitigates covariate
shift when those data sufficiently cover the expert’s behavior [Chang et al., 2021]. Our offline learners instead
use teacher trajectories and the specified probability feedback, without auxiliary transition data.

When the student policy class is not expressive enough to cover the teacher, the question becomes how closely a
learner can compete with the best available policy. A common target is an oracle bound of the form D(7; 7*) <
Capp ming ey D(m; %) + Cest log(|I1]/6) /T where D(-; -) can be any distance measure. For trajectory-level
Hellinger distance, Rohatgi et al. [2025] give an offline estimator with constant approximation and estimation
coefficients, while establishing an {2( H) approximation barrier for a broad class of next-token methods. Xu
et al. [2026b] study trajectory-level forward KL divergence, obtaining constant-factor approximation error with

©(H () estimation error where sup . SUpp,cg) SUPs, 1og % < @. Both Rohatgi et al. [2025] and Xu
et al. [2026b] study offline learning with action feedback. In the same setting, we study reverse KL learning and
show that Cypp, Cest = ©(Bs) under Assumption 2.2. Due to the different directions in forward and reverse
KL, we assume the teacher can cover any student, whereas Xu et al. [2026b] assumes any student can cover the
teacher. Teacher coverage is more natural for distillation because a limited-capacity student may concentrate on

teacher-supported behaviors without representing the teacher’s entire range of behaviors.

Interactive imitation learning A student may visit states rarely represented in teacher demonstrations,
especially after making a mistake [Ross and Bagnell, 2010]. DAgger obtains expert supervision on these states
and reduces imitation to no-regret online learning [Ross et al., 2011]. Li and Zhang [2024] give an oracle-efficient
agnostic algorithm with access to exploratory state samples. Its comparator measures local imitation error on
states visited during training; ours evaluates each candidate under its own trajectory law. Thus a small online
regret alone does not imply our reverse-KL oracle bound.

Several works identify conditions under which interaction improves imitation-learning performance. Espinosa-
Dice et al. [2025] avoid quadratic error compounding under a completeness condition on the policy class. Zhang
et al. [2026] identify an offline information bottleneck under misspecification even at horizon one. Sriraman
et al. [2026] establish an exponential benefit from interaction with a noisy expert when performance is measured
against a clean expert. Viano et al. [2026] obtain efficient on-policy imitation when the expert’s Q-function, rather
than its policy, is realizable. These guarantees concern different targets and assumptions from our comparison of
online and offline reverse-KL learning rates.

Language-model distillation Building on knowledge and policy distillation [Hinton et al., 2015, Rusu et al.,
2016], language-model distillation can use teacher-generated responses [Kim and Rush, 2016] or student-
generated responses [Lin et al., 2020, Agarwal et al., 2024, Li et al., 2026a], with forward KL and reverse KL as
common losses. Beyond the standard losses, Wu et al. [2025] propose an adaptive combination of these two
losses. Ko et al. [2024] propose skew KL losses that compare a distribution with a mixture of teacher and student
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distributions, while Ko et al. [2025] use a contrastive objective to increase the likelihood of teacher responses and
decrease that of student responses. Gu et al. [2024] develop policy-gradient updates for sequence-level reverse
KL, using returns based on accumulated future teacher-to-student log likelihood ratios. These returns allow later
predictions to influence updates to earlier actions.

The feedback available at each training recipe is a separate choice. Lu and Thinking Machines Lab [2025] use
teacher probabilities for sampled tokens, Xu et al. [2026a] use full next-token distributions, and Fu et al. [2026],
Yu et al. [2026] incorporate information about teacher-preferred alternatives. Our full-versus-action-feedback
comparison isolates the statistical value of the available information by comparing the best attainable rates under
each feedback model.

B Online learning

B.1 Failure of exact empirical fitting
At round t, the current policy 7r; generates a nonempty batch of H-step trajectories with full teacher feedback.
Let D; contain all trajectories collected up to and including round ¢. The learner assigns weights w; » > 0 with

> rep, Wtr > 0 and refits by

Ti41 € argmin Q¢(m; Dy),

mell
H (14)
Qi(m;Dy) = Z Wt r Pt (Z de(mn (- | sn), Th (- | Sh))> :
TED: h=1

The weights may depend on the observed history but are the same for all candidates. Assigning weight zero
discards a trajectory, so this rule includes fitting any nonempty subset of the collected trajectories, using only
the latest batch, or reusing all past data. If the current policy is already an empirical minimizer, it is retained:
m € argmin iy Q¢(7; Dy) = m41 = 7. Thus a change of policy requires a strict decrease in the empirical
objective. The output 7 is the policy returned by the final step.

For student and teacher distributions p, g, the local loss dy(p, q) is finite, nonnegative, zero exactly when p = ¢,
and convex in g. The function ¢, is nondecreasing, with ¢;(0) = 0 and ¢;(u) > 0 for u > 0. With ¢;(u) = u,
forward KL uses d;(p,q) = KL(g||p) and has the same minimizers as the teacher-weighted cross-entropy
— > o 4(a)logp(a) used by Lin et al. [2020]. Reverse KL uses d;(p, ¢) = KL(p||q), as in the local distillation
objective of Agarwal et al. [2024]. Skew reverse KL uses d;(p, q) = KL(p||aup + (1 — ai)q) for oy € [0, 1)
[Ko et al., 2024]. These losses are convex in g by joint convexity of KL. The class also includes mixtures of the
two KL directions and clipping with ¢;(u) = min{c;, u} for ¢; > 0.

Proposition 3.1 (detailed statement). For every sufficiently large ), there is an H = 2, |II| = 2 instance
satisfying Assumptions 2.1 and 2.2 with B = 4\, By, = 8\, and L* < Xe™. Every update rule defined in
Equation (14), initialized uniformly over I1 and using T = [\*] episodes, returns T satisfying

N 1
P{L(7w) > \/4} > T
Proof of Proposition 3.1. MDP and policy class. The two-step MDP has

A={a,a2},  Si={s11.s12}, Se={sa1,82},  p(s1,1) = pls12) = 3.
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Its transitions are
Pi(s21 | s1,1,a1) =1,

P1(8272 ‘ S,G) =1 ((s,a) S (81 X .A) \ {(81’170,1)}).

The episode ends after the second action. Set € = eMNp=1—¢€’andv=e"* andletIl = {Tg00d;s Thad }-
The table gives the probability of a; at each state; the probability of as is its complement.

Policy s11 s12 S21 522

™ € € v 1/2
Tgood € €2 p o 1/2
Tbad p e v 1/2

Write Ber(p) = (p,1 — p) on (a1, az). All action probabilities are positive.

Boundedness and trajectory risks. The only candidate—state pairs at which the policies differ are listed below.
For A > 1,

T sy, max M kn(sp;m)
o mp(alsh)
Thad | S1,1 ple < et <A
Tgood | S12 | (1 —€?)/(1—€)=1+¢€| <log(l+e)<e
Tgood | 2,1 13/7) < et <4\

A feasible trajectory cannot contain both s1 2 and s 1. For each 7 € Il and 7 € Tepy,

kh<3h; 7T) S 4\

>
Il o
—

log

2
Pr(7) mh(an | sn)
S =N T og ST LR < g\ < 8.
P (7) ; & mhan | sn)

Thus Assumptions 2.1 and 2.2 hold with the stated budgets, using Lemma D.1 for the first assumption. The
trajectory risks satisfy

L(T‘—good) = % [k1(51,2; Wgood) + 6k2(32,1; 7Tg;ood)] < %(1 + 4)\)61

L(mhma) = $ KL(Ber(p)]| Ber(€)) > 3(pA — log2) > /4. (15)

The first equality in each line is the KL chain rule; the second line uses binary entropy at most log 2 and
sufficiently large A. Hence L* = L(mgo0d) < e~

Empirical loss on each observed trajectory. For 0 = (p—e)/(p—v) € (0, 1), Ber(e) = 0 Ber(v)+(1—6) Ber(p).

On a trajectory with (s1, s2) = (51,1, 52,1),

2

> di(mvaan(- | sn), (- | sn)

h=1
= d;(Ber(p), Ber(e)) (d¢(Ber(v),Ber(v)) = 0)
< 0dy(Ber(p), Ber(v)) + (1 — 0)d;(Ber(p), Ber(p)) (Convexity in the second parameter)
= 0d;(Ber(p), Ber(v)) < d¢(Ber(p), Ber(v)) (di(p,p) =0,0 <0 <1,v#p)

2
= di(mgooan(- | 1), (- | sn)). (d¢(Ber(e€), Ber(e)) = 0) (16)
h=1
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On a trajectory with (s1, s2) = (51,2, 52.2),

2
Zdt(ﬂ'bad,h(‘ | Sh)ﬂTf,,(‘ | sp)) =0 (Thag = T~ at both states)
h=1
< dy(Ber(€*), Ber(e)) (de(p,q) > 0 forp # q, €2 # €)
2
= dilmgaoan (- | 5| 5n) (du(Bex(1/2), Ber(1/2)) = 0) am
h=1

Whenever every trajectory in D; follows one of these two state sequences,

2
Qi(mpad; Dt) = D wiry <Z de(Mhad,n (- | sn), 75 (- | Sh))) (Equation (14))

T7€D: h=1

2
< Z Wi, Gy (Z di(Tgood,n (- | s1), 75 (- | 3h))>

TED; h=1
(Equations (16) and (17), w; - > 0, ¢; nondecreasing)

= Qt(Tgo0d; Dt)- (Equation (14)) (18)
Since the update keeps the current policy whenever it is an empirical minimizer, Equation (18) gives
Tt = Thad =  Tt+1 = Thad,
including ties caused by clipping.

Persistence and failure probability. The only remaining state sequence is s1,1 — $2.2. Under 7,4, its probability
is

€
PTad{s) = 511,82 = 520} = 5Mhad1(a2 | 51,1) = 9

Let &, be the event that m; = 7p,q and none of the first m episodes takes si1 — s22. On &,,_1, every
completed refit keeps mp.q by Equation (18), so episode m also uses m,,q. Therefore,

P(&) =21, PEn|Em1)=1-¢€/2 (me[T]), 7= mbaaonér. (19)
For arbitrary batch sizes and allowed trajectory weights,

P{L(7) > \/4} > P(&Er) (Equations (15) and (19))

1 AN Te2
=3 (1 — 62) > 3 <1 — 2€> (Bernoulli’s inequality)

1 )\3 —2)\ 1

=3 (1 — (126> > T (Sufficiently large \)
O

B.2 Online reverse-KL learning
B.2.1 Clipping and prefix truncation

Lemma B.1 (Clipped objectives and truncation). If L(7) < oo for every candidate, then

EP‘"*

H
Zeh(fh;ﬁ)] =T(r),  DX%(P",P™) < 6L(n). (20)
h=1
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For every w, 7' €11, 0 < Trun[L(7)] < L(n) and
j X
Trun, [L(7)] > 1—6L(7r) — D4(P™,P™). 21)
Consequently, B B B
L(m) < 64 (Truny [L(m)] + L(x")) .

To prove Lemma B.1, we first introduce several auxiliary lemmas to control the behaviour of the clipped loss.

Lemma B.2 (Change of measure for a bounded loss). For probability laws R, S and a measurable f € [0,1],
KL(R|S) < Eg[f] implies Es [f] < Eg [f].

Proof. Lemma D.3, applied to g = Af, gives for every A € R,
KL(R|S) = AEg [f] ~ log Es || > AER[f] - (¢* — DEs [f].

The second inequality uses convexity of the exponential on [0, 1]. The choices A = 2 and A = —1, respectively,
give (¢ — 1)Eg [f] > Eg[f] and (1 — e Y)Eg [f] < 2Eg [f]. O

Each term in Trun, [L ()] can be written as min{ey (&; ) P (&), en(€n; m)P™ (&)} For a fixed candidate
7 and any trajectory distribution P, we therefore define an auxiliary distribution R [ P] that assigns probability
en(&n; ) P(&p) to each prefix outcome (h, &), h € [H]. The distribution also includes complete-trajectory
outcomes (0o, 7) for the remaining probability, and is defined by

Rx[P](h, &) = en(&n; )P (&),

- (22)
R[P)(00,7) = (1 - Zeh(gh;w)> P(7).
h=1
The label oo distinguishes a complete trajectory from a prefix. The difference between 7 and the last prefix
&g is that £ do not have ay but 7 has. Given 7 ~ P, these probabilities correspond to retaining its prefix
(h, &p,) with probability ey, (£x; 7) and retaining (0o, 7) with the remaining probability. Since Zthl en(&n;m) =
min{1, 37" kx(sp; )}, all probabilities are nonnegative and sum to one.

Lemma B.3 (KL between auxiliary distributions). For L(7) < oo,

H h
KL(Rx[P™|Rx[P™]) = Epr [Z (1 =) k(50 ﬂ) kn(sn;m)| < L(n). (23)
h=1 v=1 +

Proof. Fix m € II. For each 7@ € II U {n*}, define the joint law Pz by 7 ~ P™ and 0 € [H] U {oc0} with

conditional distribution
Px(oc =h|T)=ep(&y;m), h € [H],

H
Pi(oc=00|7)=1- en(€nm).

h=1
By Equation (2), e, (&5 m) > 0and S, ej,(€n; 7) < 1, so these probabilities sum to one. For i € [H],

h—1

Pz(c >h|1T)=1- Zev(ﬁv;ﬂ'), (24)
v=1
h h

Pz(c >h|T)= 1—261](&,;71'): (1—2]{:1}(31,;77)) . (25)
v=1 v=1 +
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where the second equation uses 1 — min{1, 2z} = (1 — x),. Consequently, whenever Zﬁ;i ey(&pym) < 1,

en(&p;m)
1- Y0 eu(&im)

The last equality holds because the ratio depends only on &y,.

Prlo=h|o=h,T)= =Pz(oc="h|o=h,&).

Define the retained record by

v {(g,gc,), o € [H],

(00, 7), o0 =o0.

Since ey, (&; m) depends only on &,
Px(Y = (h,&n)) = PT(&a)Px(0 = h | &)

= P (&)en(Ens ) = Re[PT)(h, &),
H

Px(Y = (c0,7)) = P™(7) (1 - Zeh(fh;ﬂ')> = R[P7](c0, 7).

h=1

Thus Y ~ R,[P7]. From Equation (22), for any outcome with R[P™](Y") > 0, the common stopping factor
cancels from the likelihood ratio. When o € [H],

R[P™](Y) _ eq (o3 ™) P (E5) _ PT(&5)
R[P™(Y) eq(&o; ™) P™ (&) P (&)

When ¢ = 0o, the common factor 1 — Y217 ej,(&,; ) cancels in the same way, leaving P (7)/P™ (7). The
two policies share the initial-state distribution and environment transitions, so

H

R [PT)(Y) Th(an | sn)
log——>— =Y 1{o > h}lo
B R pr(r) ~ 2 MO M os T
Thus, we have
KL(RA[P™]|RA[P™])
Z Th(an | sn)
=K 1{o > h}log ————=
Pr ; { } g W}t(a/h | Sh)]
& mh(an | sn)
=Epr Pr(o > h|7)log —
; i(an | sn)
E . Th(an | sn)
=Ep~ 1-— ky(Sy; T log —————= Equation (25))
2 ;( Z_; ( )) ng(ahwh)l (Eq
Lh= v= +
rH h
=Epr Z (1 - Zkzv(sv;ﬂ')> k:h(sh;ﬂ')] .
Lh=1 v=1 "
By Equation (2), €5, (&x;7) = kp(sp;m) when 33 ky(s,;7) < 1, otherwise, (1 — S ky(s0;7))4 = 0.
Thus,
h h
(1 - Zkv(sv;ﬂ')> kp(sp;m) < 1{2 ky(sp;m) < 1} kp(sp;m)
v=1 + v=1

h
1{2 ky(sv;m) < 1} en(&nim) < en(épim).

v=1
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Hence

KL(RA[P"] [ RA[P™" <Epw[2 (&) | = L(x).

The construction also permits infinite local KL under a source 7, because ky, (sp; m) = o0, ZZZl ey(§p;m) =
1,Pz(c > h|T)=0. O

Lemma B.4 (Shared mass on an event). Let R, S be probability distributions on a countable space X with
KL(R|S) < oo, and let D C X. Write z = R(D) andv = ) . p min{R(x), S(z)}. For z > 0,

KL(R||S) > zlog(z/v) — z. (26)

Consequently, KL(R||S) < z implies v 2, z.

Proof. For z=0,v=0. For z > 0,0 < v < 2. Define

o R(z) ., i
g(x) = ! & min{R(x), 8} ©°€ D, R(z) >0,
0, otherwise.
Then
Eg[ef] =1+ Z (R(z) — S(z))
RS
=1+ Z (R(x) — min{R(x), S(g;)}) -
z€D
- _2 o mln{R(x)vs( )}
) Zz:» s M
R(z)>0

> —zlog E Ri:c) mln{RFEZ,)S(x)} = zlog(z/v).
zeD
R(z)>0

The inequality follows from Jensen’s inequality. Since Eg [e9] =1+ z — v € [1, 2], Lemma D.3 gives

KL(R||S) = Eg [g] — logEs [¢f]
> zlog(z/v) —log(l + z —v)
> zlog(z/v) — (z —v) > zlog(z/v) — z.

Consequently, KL(R||S) < z = zlog(z/v) — 2 < z = v > e 22. O

Proof of Lemma B.1. Fixm € Il,and let D = {(h, &) : h € [H]} be the set of prefix outcomes in Equation (22).
For every ™ € I1 U {7*}, Equation (22) gives

H H
Ra[PTID) =YY en(nim)PT(&h) = Epr [Z €h(§h;7f)] :
h=1

h=1 &,

Lemma B.3 therefore implies

KL(Rx[P7]||R<[P™"]) < L(r) = R«[PT)(D).
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Applying Lemma B.2 to R;[P"] and R[P™" ] and f(y) = 1{y € D} as the indicator of D yields

H
| D enlEnsm ] Ra[P™](D) < Re[PT|(D) = L(n). 7)

h=1

Now we control the trajectory Hellinger distance.

H
()= X (13 o)) (VP - VP

T h=1

H
-3 (S ateen ) (v - vP)
T h=1
- Y (VRPT) - VRP )

H
+ (Z en(En; 70) <\/P”(T) — /P (T))2 (Equation (22))
T h=1

< Di(Ra[P™), Ra[P™']) + L(7) + Eprs

H
Zeh(fMW)] (VP—VO* <p+0q

h=1

< KL(RA[P]|RA[P™']) + L(m) +Epw*[2eh Ehsm ]
h=1
H

> en(én;m)

h=1

)+ E pre < 6L(m). (28)

2_L(n) < 4L(n) from the

1—e 1

The last line uses Lemma B.3 and the explicit bound E p [Z he1 €h(&n; W)} <
proof of Lemma B.2.

For the same event D = {(h, &) : h € [H]}, Equation (22) gives

H
> min{R[P)(2), Rx[P™](2)} = D> en(&nsm) min{P™ (&), P™ (¢4)}

z€D h=1 &
= Trun, [L(m)] € [0, L(T)].
The interval bound uses min{P" (&), P™ (£,)} < P™(&,). By Equation (23), Lemma B.4 applied to D gives
S min{ R [P7](2), Re[P™'](2)} = e 2L ().

zeD

Equation (68) and Equation (70) in Lemma D.4 give

/L \/Z min{R,[P™](z), R:[P™](z)}

zeD

\/Z min{R [P R:[P™)(2)} + DH(Rw[Pﬂ*]aRw[PW/])
zeD

< 4/ Trun, [Z(TF)] + DH(PW*,PW/)-
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Squaring and using (z + y)? < 222 + 2y% and e =2 > 1/8 gives
e *L(m) < 2 Trun, [L(r)] + 2D (P™, P™),
(7[') - DIZ-I(Pﬂ*’PﬂJ)ﬂ

L
L(m) < é? <\/Trunwl [L(m)] + \/6L(7T’))
< 7¢ (Trun,y [L(7)] + L(7))
< 64 (Trun, [L(m)] + L(7)) .

The last three inequalities use Equation (28), Cauchy—Schwarz, and 7e? < 64, respectively. O

B.2.2 Exponential-weights analysis

Throughout this subsection, [E; conditions on the history before episode ¢ and averages over both m; ~ w; and its
trajectory. For uniform initialization, ¢;(7) € [—1,1], and 0 < 1 < log 2, standard exponential-weights analysis
[Lattimore and Szepesvéri, 2020, Eqgs. (27.2)—-(27.3)] gives

. log|TI| - - )
= () < DD wilmb(m) +nd D> wi(m)l(r) (29)
t=1

n =1 rell t=1 rell

for every fixed 7' € IT and every realized loss sequence. The following lemma relates the loss terms to L.

Lemma B.S (Conditional loss moments). For Algorithm 1,

li(m)] < 1and

E, [Z wt(ﬂ)et(w)] =0. (30)

- _ 31)
E¢ [b¢(7)] > aL(m) — C wi(7')L(7")
' ell
The second moments satisfy
E; [6(m)?] < L(m) + ) wi(x')L(n),
' ell
(32)
E, [Z wt(w)ﬁt(w)2] <2 ) wy(n')L(x').
well ' ell

Proof. The definition of ¢; gives the conditional mean and cancellation

E¢ [€(m) | m = 7' = Truny [L(7)] — Trun, [L(7")] ,
(33)

E

Zwt(ﬁ)&(ﬂ)] = Z wy(m)wy (") (Trunwz [L(m)] — Trun, E(w’)}) =0.

mell 7! €11
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The truncation bound in Lemma B.1, together with L(7) < L(r) and D (P™, P™") < L(r), yields

—Et [gt(ﬂ') | Ty = 7'('/]
Et [ﬁt(ﬂ') ‘ Ty = 7'('/]

v

aL(7') — D4(P™, P™) — L(w) > aL(x') — 2L(r),
aL(r) — D}(P™,P™) — L(x') > aL(x) — CL(x).

v

Here the last inequality uses D%(P”/, P™) < L(7") from the same lemma. Averaging over 7’ ~ w; gives the
two risk bounds.

Each weighted sum in Equation (6) lies in [0, 1], so |¢;(7)| < 1. The inequality (z —y)? < z+y forz,y € [0, 1]
gives the remaining bounds in succession,

E¢ [6u(m)? | m = 7'] < Trungy [L(n)] + Trun, [L(x")] < L(x) + L(7),
By [6(m)?] < L(m)+ Y wi(x')L(n'),

! ell

> wt(w)ﬁt(ﬂ)Ql < > wmwy () (L(7) + L(x) =2 wy(m)L(n).

well ' ell mell

E,

A

O]

Proof of Theorem 3.2. The case |II| = 1 is immediate. For |[II| > 2, fix 7' € argminycp L(7) and write
St = Zthl > remr we(m)L(m). The cumulative weighted clipped risk St is random because w; depends on the
training history.

Cumulative training risk. The first inequality in Equation (31), summed for 7', bounds aSy by 2T L* —
EtT:l E; [Et(ﬂT)] . Separating the observed losses from their conditional expectations and applying Equation (29)
gives

T
aSp < 2TL* - Y E, [zt(wf)}
t=1
T
=271 = > () + Y () — B [a(xh))
t=1 t=1
log |11 - - )
SATL  + —=—+ [ =D D wi(ml(m) | +0d > wi(m)b(r) (34)
N t=1 well t=1 well
weighted loss quadratic term

+ ET:(&(WT) —E, Vt(WT)D .

comparator sampling error

For any fixed 0 < A < 1/2, the following bounds hold simultaneously with probability at least 1 — §/2, by
Lemma D.6 and a union bound.
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For the weighted loss,

T
SO wim)t(w)

t=1 well

T B 2

<A E (Z wt(w)zt(w)) } + log(f/‘s) (Equations (30) and (71))
t=1 mell
-

<A ZEt Z wy (m) 0 (1) | + log(f/é) (Jensen’s inequality)
t=1 Lrell

< OAST + log(f /%) (Equation (32)) (35)

For the quadratic term, Lemma B.5 gives 0 <} wy(m)l(m)? < 1, 50

T
1Y > wi(m)l(r)’
t=1 well
T
<0 Ee | > wi(m)l(r)?
t=1 mell

T 2
+IAY By {(Z wt(w)ét(w)2> ]
t=1

+1n (Equation (71))

mell
T
<L+ N Y Ee | Y wilm)e(m)?| + nlog(f/‘s) (22 < z for z € [0, 1))
t=1 well
< (14 N)Sr + nlog(f /9 (Equation (32)) (36)
For the comparator sampling error,
T
Z <€t(7['T) - Et |:€t(7TT)] >
t=1
- fal |, log(8/0) .
< )\ZEt [&(W ) } + 3 (Equation (71))
t=1
< MTL(x") + Sr) + bg(f/é) (Equation (32))
<XNTL*+ Sr) + log(8/0) (L(x") < L") (37)

A

Substituting Equation (35), Equation (36), and Equation (37) for the weighted loss, quadratic term, and
comparator sampling error in Equation (34), respectively, gives

GST§2TL*+b‘i]m‘+2>\ST+IOg(f/5)
log(8/0 log(8/8
+277(1+)\)ST+770g(>\/ )+>\(TL*+ST)+ og()\/ )7 (38)
log |IT log(8/6
“‘”‘2’7(1“)]5%<2+A>TL*+Og,,J|+<2+n>‘”‘g&”.
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For n = 1/256, a — 2n = 7/128 > 0. A sufficiently small fixed A > 0 therefore makes the coefficient on St
positive, yielding S < T'L* + log(|I1]/6).

Selection by final weight. The maximum-weight output satisfies wri1(7) > 1/[II] = w; (7). For every
candidate with wp1(m) > w(7), the weight update and Jensen’s inequality bound its cumulative observed
loss by the weighted loss,

T
th(ﬂ) = —7171 ngL - = Zlog (Z )e_ngt(”/)>
t=1

ell

T
< —21og "L 57 S ) (39)

t=1 n’€ll
T
< Z Z wy (7' ) (')
< t t
t=1 n’ell

The last inequality uses wp1(m) > wi(m). To convert this observed-loss bound to a risk bound, we apply
Equation (72) with failure probability §/(2|II|) to each candidate and take a union bound over II. The uniform
bound over II and the preceding concentration bounds hold jointly with probability at least 1 — 4. On this event,
every candidate with wp1(7) > 1/|I1] satisfies

T

L(n) < Z E [¢,(7)] + CSp (Equation (31))
- - log(2]11]/)

<3 () + A E [6(m)?] + CSp + gf (Equation (72))
t=1 t=1
T

< Zﬁ (7) + \TL(7) + (C + \)St + log(2|)\1'[|/5) (Equation (32))
t=1
T

< Z wi (7 (7") + AT L(7) + (C + \) St + 10g(2f1|/(5) (Equation (39))
t=1 n’€ll

< ATT(r) + (C + 33) Sy + 28 CIII/0) +10g(8/0) (Equation (35))

A

Rearranging with A\ < a and using Equation (38) gives, simultaneously for every 7 with wp1(7) > 1/|I1,

7oy o (O 3N)Sr 4+ A7 (log(2[111/9) + log(8/4))

(m) <
o (40)
< o Lo (/D)
- T
In particular, 7 satisfies this bound. Under Assumption 2.1, Lemma D.2 then yields
7 T (5 log(|11|/6
L(7) < (1+B)L(7) <B (L* n Og(TI/)) '
O
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B.3 Online Hellinger learning from full feedback

Algorithm 2 replaces the local-KL score in Algorithm 1 by a prefix-weighted local Hellinger score before
clipping.

Algorithm 2 Online Hellinger learning with full teacher feedback
Require: Finite candidate class II, episode budget 7T'.

1: Setwy(m) = 1/|II| forevery m € Il and n = 1/128.

2: fort=1,...,7Tdo

3: Sample a policy 7, ~ w, and generate a complete trajectory 7, = (S¢,1, 1.1, - - -, St.H, G, 1) ~ P™ by executing
m; for the entire episode.
4: Observe 7} (- | s¢.p) forevery h =1,..., H. Write & 5, = (St,1, @1, - - 5 St,h)-
5: for each m € Il do
6: Forevery h = 1,..., H with P™(& ;) > 0, compute
h—1

gh(ft,hﬂT) = DIQ—I(Wh(' \ St,h)77TZ(' | St,h))~

Set gy, (&,n; ™) = 0 when P™ (&, ,) = 0. The empty product equals one.

7: Forevery h = 1,..., H, compute the clipped increment
h h—1
) =mind 13 6o | < minf 15 utcim )
v=1 v=1
8: end for
9: For every 7 € II, compute

H h—1
fo(m) = Zmin{l, 11 ”“'St)} (e (Eons ) — e€nime))

h=1 o1 7Tt,v(at,v | St,v)

where 7 ,, is the action distribution of the sampled policy ; at step v.
wy () exp(—nty (7))
Zﬂ'en wy (') exp(—nly(n))

10: Update all candidate weights by wyy1(7m) =

11: end for
12: Return 7@ € argmax, oy w1 ().

Write Ly (r) = D4(P™, P™) and Ly(r) = Epr [Z,{il eH(en: Tr)]

Theorem B.6 (Online Hellinger guarantee). For a finite class 11, Algorithm 2 returns 7 € 11 such that, with
probability at least 1 — 6,

Ly(7) < min Ly (7) + w.

41
mell T ( )

Clipping and prefix truncation. For a fixed candidate 7, write P = P™, Q = P™ , and G}, = Zﬁzl (& 7),
with Gy = 0. For ¢ > 0, define
egf) (&n) = min{c, G} — min{c, G4}, L. =Ep [min{c,Gg}].

The proof uses ¢ = 1 to compare Ly () with Ly (), and ¢ = 1/4 to bound prefix truncation. For any trajectory

28



distribution U, the auxiliary distribution R.[U] assigns probabilities

e (&)
RelU)(h, &) = =0 (&), he[H], )
Gu
Re|Ul(co,7)=(1——=| U(7).
Pheer) = (1-2) ve)

Equivalently, conditional on 7 ~ U, the outcome is (h, &) with probability eglc) (&n)/c and (oo, 7) with

probability (1 — Gz /¢) . These probabilities sum to one because S5, eglc) /e = min{l, Gy /c}. The fixed

candidate 7 determines GG, and egf) for all input distributions U, including U = P™.

Lemma B.7 (Hellinger identities for auxiliary distributions). For every candidate ™ and c > 0,

H
Zgh(ﬁh;ﬁ)] ;
h=1
H
G,
1-— s
Z( - >+9h(§h )

h=1

Proof. Define the prefix affinities Ap = > ¢, /P(&,)Q(&p) for h € [H] and A1 = 3, /P(7)Q(7). The

common initial law gives A; = 1. For h € [H],

Ly(r) =Ep

(43)

Dfi(Rc[P],R[Q]) = Ep <T..

2(Ap — Apy1) = Z VP(ER)Q(&R) (2 -2 Z \/ﬂh(a | sn)m(a | sh)> (Common transition laws)
&n a

= > VPE)QE) DE(mn(- | sn), mh(- | 1)) (Definition of D)
&n
=Ep [gn(&n; )] - (Algorithm 2) (44)

Prefixes with P(£,) = 0 contribute zero to both sides. Consequently,

Ly(m) =2(1 — Ag11) (Definition of DZ)
H
=2 (Ay = Aps1) (A =1)
h=1
H
=Ep Zgh(ﬁh;ﬂ)] : (Equation (44))
h=1

For the auxiliary distributions, the corresponding affinities before each stopping decision are

40 =3 <1 - Gf;1>+ PE)QE), A, = (1 - GH>+ PO

C
&n T
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Here Agc) = 1. Since (1 — Gp_1/c)4 = e,(f)/c +(1—Gr/o)y,

O
=2 hfh) P(€n)Q(En)

&n
3 (1- ) VPEQE) (1 -3 fmla [ somita) sm)

(Common transition laws)

AEZC) _ A(C)

(c)
_ Z %C(fh) P(£,)Q(E) (Definition of gj) (45)
&n

+ %Ep [<1 - Cih>+9h(§h§77)] :

Di(Re[P), RelQ))

=2 (1 — A% Z P o 5h )Q(gh)> (Equation (42))
h=1 &,
= e (€n)
=2y (A -4, - 30 VPE)QE) A =1
h=1 &n
1 G
=Ep Z (1 - h> gh(fh;ﬂ')] (Equation (45))
h=1 € /+
<Ep Zeﬁf) (&n)| = Le. (1 = Gn/c)+gn < egf))
h=1

The pointwise inequality holds because G, < ¢ implies egf) = gp, whereas G, > ¢ makes its left-hand side

ZEero. O]

The definition Equation (4), with el in place of ej,, defines Trun, [Ly()].
Lemma B.8 (Hellinger clipping and truncation). For every w, 7’ € II,

Ly(rm) < Lu(n), Ly(m) < Trung [Lu(m)] 4+ Lu(x'). (46)
More precisely,
Trun, [Lu(r)] > Lu(w)/32 — Lu(x') /4. (47)
Also Ly(m) < Ly(n) and 0 < Trun[Ly ()] < Lu (7).

Proof. Clipping and Equation (43) give Ly (7) < Ly(7). The bounds 0 < Trun,[Ly(m)] < Ly(r) follow
from Equation (4). For the reverse inequality, let D = {(h, &) : h € [H]} be the set of prefix outcomes. Then
Rl [P](D) = EH(TF), and

VEq [min{1,G}] = vRi[Q](D) (Equation (42))
< VR1[P](D) + Du(Ra[P], Ra[Q]) (Equation (69), F' = 1p)
< 24/ Ly(m). (Equation (43)) (48)
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Splitting each trajectory’s contribution with 1 = (1 — G )+ + min{l, Gy} gives

Lu(r) = 3 (VRIPIo0.m) — VR 7))

+) min{l, Gu}(v/P(r) — VQ(1))? (Equation (42))
< D§(Ra[P], R1[Q]) + Lu(7) + Eq [min{1, G }] (VP = V> <p+9
< 6Ly (m). (Equations (43) and (48))  (49)

For truncation, set ¢ = 1/4, R = R.[P], S = R [Q], S’ = RC[P”/], and z = R(D) = L./c. The overlap
inequality first compares R with S, and then S with S’:

%\/2 < > min{R(y),Sy)} (Equations (43) and (70), ¢ = 1/4)
yeD

< > min{R(y), S (y)} + Du(S, ") (Equation (70))
yeD

< > min{R(y),S'(y)} + /Lu(). (Equation (68)) (50)
yeD

Since eg”) < e,IZ{ and min{c, Gy} > cmin{l, Gy},

Trun, [Ly(r)]

H

>33 min{ (&), P (6) el () (el < ety
h=1 &,

=c¢> min{R(y), 5 (y)} (Equation (42))
yeD

> ¢ (7 ~ Lu(n ) (Equation (50), (z + ¢)? < 222 + 2¢%)
L. Lu(®) _ L Ly(n’ o

-3 HZ(;T) > }é(;) — Hiw ) (¢z = L¢, Lo > cLy(m))

This proves Equation (47). Rearranging Equation (47) and using Ly (7') < 6Ly (7’) from Equation (49) gives
Ly(m) < 32Truny [Lu(m)] + 48Lyu(7'),

which proves the second relation in Equation (46). O

Proof of Theorem B.6. The conditional-mean, cancellation, and second-moment calculations in Lemma B.5 use
only the form of the loss and nonnegative increments satisfying Z nh—1 €n < 1. Replacing ej, by eh therefore
gives |[¢;(7)| < 1 and Equation (33), Equation (30), and Equation (32) with Ly in place of L.

Applying Equation (47) to each direction of the conditional mean in Equation (33), and using Lyy < Ly < 6Ly,
gives

B fl(m)] 2 o 3wV Tu() — 2 Lu(),
' ell
B [6(m)] > o Ta(r) — 5 3w In(r)
' ell



Thus Equation (31) holds with a = 1/32, C' = 5/2, and Ly, Ly in place of L, L, since 5/4 < 2. The stepsize
n = 1/128 satisfies a — 2n = 1/64 > 0. The analysis of concentration and selection by final weight in
Appendix B.2.2, from Equation (29) through Equation (40), therefore gives, with probability at least 1 — §,

LH(%) < GZH(%) S In€11g[1 LH(T") + bg(‘j{n/a)’

where the first inequality is Equation (49). O

Corollary B.9 (Reverse KL via online Hellinger learning). Under Assumption 2.2, Algorithm 2 satisfies, with
probability at least 1 — 6,

_ , . log(T|/s
L(7) S Ba (%10%1(13 P >+°g<'T’”>. (51)

Proof. Theorem B.6 and Lemma D.5 give Equation (51). Moreover, min ¢y Ly (7) < L* by Equation (67),
recovering the reverse-KL guarantee with approximation term B, L*. O

B.4 Estimation and approximation lower bounds

Lower bounds for Theorem 3.3 and Section 4. Estimation. For every integer d > 1, T > 1, B > 1, and
d € (0,1/8], every online or offline full-feedback learner using T episodes has a realizable instance with H = 1,
|A| = 2, and |TI| = 2¢ satisfying Assumption 2.1 on which, with probability greater than 0,

L) _Q<Bmin{1,bg(’;ﬂ/5)}>. (52)

Under Assumption 2.2, the same lower bound holds with B, > 1 replacing B, including for offline action
feedback.

Approximation at optimal estimation. Fix k > 0. There is an integer k = k(k) > 8 such that, for B > 2logk
and T > k, any learner returning @ € 11 whose guarantee at confidence 3/4 has Cest < kB onall H = 2
instances satisfying Assumption 2.1 with |A| = |II| = k must have Cypp, = QU(B). This holds for both online
and offline full feedback. Under Assumption 2.2, the same conclusion holds with B, replacing B, including for
offline action feedback.

B.4.1 Estimation lower bound

Proof of the estimation lower bound. MDP and policy class. The one-step MDP has
A= {a1,a2}, S1={51,0,81,1,---,51,d} I ={ms: fe{0,1}%}.

For p € (0, 1], the initial law is p(s1 ) = p/d for x € [d] and p(s1,0) = 1 — p. The episode ends after the first
action. For 5 > 1, define distributions on (a1, az) by

eb 1 1 ef
RO(/B):<1+6671+66>7 Rl(ﬁ)z(l—‘reﬁ’l—l—eﬁ)
For f € {0,1}% and z € [d],
mr1(c | s12) = Ry, (8), myi(- | s10) = (1/2,1/2).
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The teacher is 7y = 7y for 6 € {0,1}4, so L* = 0.

Boundedness. For x € [d] and each feasible 7 = (s1, a1),

ki(s1,257f) = KL(Ry, (8)||Re, (B8)) = Btanh(8/2)1{f, # 0.} < 5, (Bernoulli KL formula)
Pri(r) _ mpalan | s1)

- = S 1,67'8 ,e’B . (Common initial law)
Pri(r) g tar s J

Thus 5 = B verifies Assumption 2.1 by Lemma D.1, and 8 = B verifies Assumption 2.2, for either initial law
used below.

Risk at an unvisited state. Write Lg(m) = KL(PT||P™). Let 6 be uniform on {0, 1}%, and let M, count training
episodes starting at s; ... For any binary distribution v and Uy = (1/2,1/2),

1
S S KLIR.(8)) = KL@|U2) +5(8) 2 b(3),  b(8) :=logcosh(8/2) < f. (53
z=0

Let v, = 71 (- | $1,). Conditional on M, = 0, the training observations and v, are independent of 6,, for either
trajectory source. Equation (53) gives

P{KL(vel|Ro, (8)) > b(8) | M, = 0} > ..

Class-size term. Take p = min{1,d/(8T)} and set

d
- éz 1{M, = 0, KL(v,||Ro, (8)) = b(8)}.

=1
Then
1 1 T
E[W] > 24 ;P{Mx =0}=3 (1 — g> (Independent initial-state draws)
1 Tp 7 Y .
>-(1-22)> L )
5 (1 d > Z 16 (Bernoulli’s inequality)
Lo(@) = Y u(s) KL(T1(- | 8)|Im51(- | 9)) (H=1
s€S5
d
g L(vg||Ra,(B)) > pb(B)W, (Definition of W)

EW]-1/8 5 1

—. < <
1-1/8 ~ 147 4 O=w=1

Here pb(83) =< fmin{1,log|II|/T}. Averaging over the finite teacher prior gives a fixed teacher with this failure
probability.

Confidence term. Keep the same policy class and take p = min{1/2,1log(1/(20))/(4T)}. Replace the initial
law by

w(si1) = p {M(Sl,o) =1-p, d=1,
V20 ulsro) =0, plsie) =(1-p)f(d—1) @<z<d), d>2.
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Only 6; is unknown: it is uniform on {0, 1}, and 6, = 0 for 2 > 2. Thus observations away from s; ; reveal no
information about 67, and

P{Lo(7) = pb(B)}

Y

IP{M =0} =3(1—p)" (Equation (53))
> 1e?r > 1125 > 6. (log(1 —p) > —2p,6 < 1/8)

Here pb(3) < S min{1,log(1/0)/T}, and prior averaging again fixes a teacher. Choosing the larger of the two
risk thresholds yields

Bmax{min{l, logT’H‘ } ,min{l, log(;/é)}} = 5min{1, log(’?‘/d)} .

Both arguments allow full feedback from either trajectory source. Restricting feedback gives the offline action-
feedback bound. O

B.4.2 Approximation lower bound

Proof of the approximation lower bound. We use a construction parameter B > 2log k. MDP and policy class.
Let k > 8 be chosen below in terms of x, and set p = (k — 1)/(87"). The two-step MDP has

A=A{ai,...,a;}, S1 = {510,511}, So = {s2,0,521,---,52k},

p(sin) =p,  plsio) =1—p,
P1(827j ‘ 81’1,(13') =1, P1(8270 | Sl’o,aj) =1 (] S U{J])
The episode ends after the second action. The class is IT = {m; : i € [k]}, and the teacher is indexed by 0 € [k].
Their first-step distributions at s 1 are
3/4a J=1,
1[4k =1, 5 #14,

For z € {0, 1}, define distributions on .4 by

_ exp((B/2)1{z = 0})
14 eB/2 ’

mpa(aj | s11) = 1/k.

mia(aj | s1,1) = {

_ op((B/2)1{z = 1))

R-(a1) (1+ eB/2)(k — 1)

R, (aj)
At the second layer,

mi2(- | s2,5) = Rigj=i}s Tpo(- | 825) = Rigj—gy  (J € [K]).

Every policy is uniform at s1 o and sz 9. The learner may know the initial law and transitions and explore
adaptively, but cannot reset within an episode or query unvisited states. Its output belongs to II.

Boundedness and trajectory risks. Write Lg(7) = KL(P™||P™) and dy, = KL(Ber(3/4)|| Ber(1/k)) < log k.
For B > 2logk,

B
KL(Ry||R1) = KL(R1||Rp) = Etanh(B/él) € [B/4,B/2], (Bernoulli KL formula, & > 8)

ki(syism) =de,  ka(s255m) = KL(Ro|[R1)1{1{j = i} # 1{j = 6}}.
(The specified action distributions)
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All action probabilities are positive, and every feasible trajectory satisfies

2
> kn(snim) <logk+ B/2 < B,
h=1

P”Z
(7) Zl ) <logk + B/2 < B. (First-step ratio < k, second-step ratio < eB/2)
P”e (1) h)

Lemma D.1 verifies Assumption 2.1 from the first bound. The second verifies Assumption 2.2 with B, = B. If
i # 6, only branches j = i and j = 6 have nonzero second-step KL. The KL chain rule gives

Lo(m) = pa 40 (§ + s ) KLl RLG 60,

L* = Lg(ﬂ',g) = pdk.

(54)

Identification error. Let 6 be uniform on [k]. The teacher’s first-step distribution is independent of 6. A
trajectory taking a; at s1; reaches sy j, where full feedback reveals exactly 1{j = 6}. One equality test
also simulates an offline teacher trajectory: its first action is uniform, and its second follows R;;_gy. Let
M = Zle 1{st1 = s1,1} and write 7 = . Conditional on the initial-state sequence, M is fixed and # remains
uniform on [k]. Therefore,

~ M+1
P{i £60} > E [1 — ]:_ ] (Lemma D.8, conditionally then averaged)
T(k—1 3
_fk-D 3 E[M]=Tp=(k—1)/8 k> 8)
8k 4
3pB ~
Lo(7) — L* > 1’;6 on {i # 0}. (Equation (54), KL(Ro| R1) > B/4)

Prior averaging fixes a teacher for which this event has probability at least 3 /4.

Approximation coefficient. The event above intersects the success event of any guarantee at confidence 3/4, so

3pB . log(4k

f76 S (Capp - 1)L + Cestg,})
3B 8C st log(4k)
- < _ Zrest o\ T
T (Capp 1)dg + 1

(Guarantee at confidence 3/4)
(L* = pdy, p = (k —1)/(8T)) (55)

Choose the fixed integer k = k(k) > 8 so that 8xlog(4k)/(k — 1) < 3/32. Then

8Cest log(4k) < 8k Blog(4k) < 3B

— <
k-1 ~— k-1 ~ 327 (Cost < £B)
3B .
(Capp — 1)di, > 397 (Equation (55))
3B
> = . < =
Coapp > 1+ 2ok Q(B) (dp < logk, fixed k = k(k))

This proves the relative second-moment result. Replacing B by B, gives the ratio-bound result. Restricting the
offline observations to action feedback preserves the lower bound. O
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B.5 The additional cost of online action feedback

Theorem 3.5 (detailed statement). For T > 1, By, > 1, and |11|,|A| > 2, let m = min{|A|, |TI|,eP=}.
Every online action-feedback learner with arbitrary causal exploration and output in 11 has a realizable H = 1
instance with a full-support candidate class satisfying Assumption 2.2 such that, with probability at least 1/4,

~ . mlog |TI|

Proof of Theorem 3.5. MDP and policy class. Write A = | A|, N = |II|, and set

k—1)d
m:min{A,N,eBoo}a ]{;:'_mJ, d:LlogN/IngJa P:min{1>(8T)}-

The one-step MDP has
A={a1,...,aa},  S1={s10,511,---,51d,51,d+1},

wsie) =p/d (zeld),  ulsio)=1-p,  p(siar1)=0.

The episode ends after the first action. The state s g41 will distinguish additional candidates if k? < N. For
f € [k]? and = € [d], define

A+k exp(Bso1{j = fz})

1<j<k

BOO _ Y — — Y

mralay | sig) =4 24 kol (57)
— k < A
24 <J

The last A — k actions have total probability (A — k)/(2A); the first k£ have the remaining probability (A +
k)/(2A) > 1/2. At s1 and s1 441, every 7 is uniform. The class contains all k% policies 7. The remaining
N — k¢ candidates agree with T(1,...,1) €xcept at s1 441, where they use distinct, nonuniform, strictly positive
action distributions. The teacher is 7 = 7, 6 € [k]%, so L* = 0.

Boundedness and trajectory risks. Write Lg(7) = KL(P™||P™ ). All action probabilities are positive. On a

trajectory starting at sq , with action a;,

oo

Pri(r) _ Jexp(Boo[lj = fo} =i =0u}]), w€ld, j<k _ 5
P (7) 1, otherwise N

This also holds for the additional candidates, whose trajectory law is P™(..-1, For f, # 0,,

ki(s1,2;7f) = Boo(mpi(ay, | s10) — mr1(ag, | 512)) (Only ay, and ag, have nonunit ratios)
A+ k By (ePe —1)
= =< Boo. k<ePe Byo>11/2<(A+k)/(24) <1
24 eBm+k_1 (k<e > /—( +)/( )_)
Consequently,
p(A+ k) Boo(ePe —1) d pB d
L = ~ > 1{fe #0a} = =2 1{fe # 0} 58

Identification error and risk. Let 0 be uniform on [k]?. By Equation (57), querying a; at 1, reveals exactly
1{j = 0,} for j < k, and reveals no information about ¢, for j > k. Feedback at s; ¢ is independent of
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0. Let M, = Zthl 1{s;1 = s1} and write the output as T assigning label (1,...,1) to the additional
candidates. Conditional on the initial-state sequence and all other labels, M, is fixed and 8, remains uniform on
[k]. Lemma D.8, followed by averaging, gives

- M, +1
P{f, #0,} >E [1 _ Mt } (Lemma D.8)
(k—1)/84+1 7(k—1)_ 7
>1— = > —. E[M,)|=Tp/d<(k—1)/8,k>2
> ) VT G =Tod < (k18 k2 )
For W =d~'3%_, 1{f. # 0.},
E[W]—-1/8 _ 5
> > > < <
EW]27/16,  B{W > 1/8} 2 =12 2 0 O<W <1
Ly(7) Z pBs, on{W > 1/8}, (Equation (58))
pBso <X By min{l, ];1} (k > 2 and the definition of p)
= Boomind1, 708N (k = m, d < log N/ log k, log k < log(em))
e "Tlog(em) J =@ =108 &1 08 =108

Averaging over the finite teacher prior gives a fixed teacher with failure probability at least 5/14 > 1/4. O

C Offline learning

C.1 Full feedback

Proof of Proposition 4.1. If m* € II, both empirical objectives have minimum zero. Nonnegativity of the local
KL losses gives, for every m € II,

T H T H
SN kalsipm) =0 = me{lazkh@iw)}:o-
h=1

t=1 h=1 t=1

Thus Equation (11) and Equation (12) have the same minimizers, and Theorem 4.2 with L* = 0 proves the first
claim. The lower bound Equation (52) shows that this estimation rate is minimax optimal.

MDP and policy class. For the misspecified instance, fix B > 32 and set
1 1 p
B YT 1610gB 1T B
The H = 2 MDP has action set A = {a1, az} and state layers S; = {s1,1, s12} and So = {s2, 52,1, 52.2}. The
initial law is p(s1,1) = p(s1,2) = 1/2, and
Pi(s2; | s1,4,a1) =1, Pi(s20 | s15,a2) =1 (j € {1,2}).

The episode ends after the second action. The table gives the probability of a; at each state, with its complement
assigned to ay. The candidate class is II = {7go0d; Thad }-

€ =

‘ S1,1 51,2 ‘ S20 821 52,2

T~ p q 0 e B2 B2

Tgood | 0 q 0 1 e~ B/2
Thad € p 0 6_3/2 1



Boundedness. The only nonzero local KL losses are
kl(sl,l; 7Tgood) =f:=- log(l - 6)7 k2(32,1; 7Tgood) = B/Q,

k2 (s2,2; Thad) = B/2.

p 1 -
1(s1,2; Thad) = 7 1= plogg + (1 —p)log 1_
Since 0 < g <p < 1,

€ </l < 2e, 0<r<plog(p/q) = (e<1/2,p/q= B)

1

16’
B

Z kn(sp;m) < > + max{/,r} <B forevery m € Iland 7 € Tepy

This verifies the pathwise condition of Lemma D.1, including trajectories that a candidate never generates, and
hence Assumption 2.1.

Population objectives and empirical selection. Under the teacher, s ; and s 2 have probabilities /2 and
q/2. Under Tgoods S2,1 18 never visited, whereas my,,q Visits s2 2 with probability p/2. Consequently,

E prr Zkh Shy T ] L)
Tgood (€+6B/2)/2 0/2
Thad (r+qB/2)/2 (r+pB/2)/2

The untruncated objective ranks the candidates in the wrong order,

2
1 D 1
" )| S5 S g <1/16,q =
Ep hz_:lkh Sh Trbd] 32+4 16 (r < 1/16,q = p/B)
- eB 1
o | =2 Ty >0, ¢ =
P Zk‘h Sh; g d] 11 (¢ >0,e=1/B)
h=1
L(mpaa) 7T +pB/2 _ pB B2
N = he T > 1. >0,0< 2, B>32
L(Wgood) 4 ~ 4e 64 logB (r>0,0<2eB>32)

In particular, L* = L(7go04) > 0. For each € II, the strong law of large numbers gives, with probability one,

Z kh(sh; 7'(')] .

The population objective of 7,4 is smaller by at least 3/16, so
]P){%raw = 7Tbad} — 1.

Consequently, any guarantee with an estimation term vanishing as 7' — oo requires

L B? B?
Cop > (Thad) > _q .
L* 64log B log(eB)
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Proof of Theorem 4.2. Each teacher trajectory contributes » thl en(& ;™) € [0,1] to Equation (12), and the
teacher trajectories are independent. Let 7' € arg min,cr; L(7). With probability at least 1 — 6,

H
f(%) SEpn Z en(&n; %)] (Equation (20))
h=1
H
log(|I1|/6
S min Epr LZ::I en(&n;m) | + Og(|T|/) (Lemma D.7)
H
<Eper | en(én;mh) +log(’TH‘/5) (rt € 10)
h=1
S L)+ bgﬂ;ﬂ/é) (Equation (20))
<L*+ log(|11:1]/5). (L(x") < L(x") = L*) (59)

The expectations under P™" evaluate each displayed candidate on an independent teacher trajectory. Under
Assumption 2.1,

L(7) < (1+ B)L(7) (Lemma D.2)
<B [L* + bgﬂj{W&] . (Equation (59))
O]

C.2 Action feedback

Proposition C.1 (Insufficiency of the relative second-moment bound). For every B > 1 and integer T' > 1,
there exist an H = 1 MDP with one state and three actions and a class 11 of two policies such that every possibly
randomized offline action-feedback learner returning @ € 11 has a teacher ™ € 11 for which Assumption 2.1
holds and

L*=0, P{L(7)>B/2}>

AN

Proof. Fix B> 1andT > 1.

MDP and policy class. The state and action sets are S = {s1,1} and A = {a1, as, a3}, with p(s1,1) = 1. The
episode ends after the first action. Let

1
€= — r=ee Ble, II = {mp, m },
where the action probabilities at sq 1 are

‘ al as as

m|l—€e—r € r
m|l—e—r r €

The teacher is 7* = 7y for an unknown 6 € {0, 1}.
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Boundedness and candidate risks. All action probabilities are positive, and for either teacher,

ki(s1,1;m1—9) = KL(P™-?||P™) = elog € + rlog r (The two policies agree on aq)
r €

= (e—r)? =B(1-eP/%) e [B/2,B]. (B/e = ABT > 4) (60)

Since k1(s1,1;m9) = 0, both candidates satisfy K < B pointwise. Lemma D.1 verifies Assumption 2.1, and
L* = L(mg) = 0.

Indistinguishable observations. Write Py for the law of the training data and the learner’s output when
7 = my. For £ = {a;; = a; forallt € [T},

Po(E)=(1—€—1)T (Independent teacher trajectories)

1
>1=T(e+r)=>1-2Te= . (Bernoulli’s inequality, 7 < )

On E, both teachers produce the same 7" observations (s1,1,a1,1 — € — ), including the reported action
probabilities. Thus the conditional output distributions coincide, and 7 € {mg, 71 } implies

Po(%#ﬂo‘E)+P1(%7é7T1|E):1

Consequently,
s PQ{KL(P%HP”G) > B/2} = . Po(7 # mo) (Equation (60))
1
1
> 3 Z Po({T # mg} N E) (Maximum bounds the average)
=0

l—e—m)7T _ 1
= (EQT) > 1 (Identical observations on F))
O

Proof of Proposition 4.3. The estimator in Rohatgi et al. [2025, Appendix C, Eq. (11)] maximizes the empirical
log-likelihood of (P™ + P™")/2 over 7 € II. Removing terms independent of 7 gives the equivalent objective

- P™(1})
7 € arg min — log<1 + *> ) (61)
mell ; pr (Tt*)
For every observed teacher trajectory, the common initial-state and transition probabilities cancel, so
PT(tf) 1 mh(ay, | sip) 62)
P (1) Wl mh(ag s, | sin)
Thus action feedback suffices to evaluate Equation (61) without knowing the dynamics.
Under Assumption 2.2, with probability at least 1 — 9,
L(7) < BooDIQJ(P%7PW*) (Lemma D.5, Boo > 1)
X log(|T1|/6
< Buo |:Inil[11 D3 (P™,P™) + Og(‘T‘/)} (Rohatgi et al., 2025, Proposition C.1)
TE
log(|T1|/6
< B., [L* n Og(|T|/)] . (Equation (67))
O
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D Auxiliary lemmas

D.1 Second moments and clipping

Throughout this subsection, write K (7) := Zle kn(sp;m).

Lemma D.1 (Sufficient conditions for the second-moment bound). Each of the following conditions is sufficient
for Assumption 2.1.

1. Pathwise accumulated KL bound. If B > 1 and, for every m € Il and 7 € Teony, Kr(7) < B, then
Assumption 2.1 holds.

2. Trajectory likelihood-ratio bound. Assumption 2.2 implies Assumption 2.1 with B = 4(Bo + 1).

Proof of Lemma D.1. For the first claim, nonnegativity and the pathwise bound give K? < BK,. Taking
expectation under P™ yields
Ep~[K?| < BEpr|K,] = BL(n).

For the second claim, fix = € II and write
P =P", Q=P b= B, K = K,.

Abbreviate k, = kp(sp;m). Forh=1,..., H,let&, = (s1,a1,...,s) denote the history immediately before
action ap,. Let Fj,_1 = 0(&p,) and let Fy = o(7). For h = 0, ..., H, define the prefix likelihood ratio and its

logarithm by
h

mwi(a; | s;)
Rh = M7 Xh = 10th7
]1;[1 w5 (a; | s5)

where logarithms are evaluated P-almost surely. The common initial-state distribution gives Ry = 1 and Xy = 0.
Moreover,
Rh = EQ[RH | ]:h] < €b, SO Xh <b.

Let Y, = X — Xj,—1. Since the common transition probabilities cancel,

Yy, = log 1124 Sh), Ep[Yy, | Fro1] = kn.
7y (an | sn)

All subsequent quantities are integrable. Indeed, the likelihood-ratio bound implies P < @),

4

Ep[X7] = Eq[Rn(log B1)?] < ¥+ =,
and 0 < kj, < b — Xj,_1. Since H is finite, K is square-integrable.
By the tower property,

H

Ep Z ki | Fono1| =Ep[ Xy — Xp—1 | Fao1] — kn
Jj=h+1
<b-—Xp_1— k. (63)
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Expanding K2 and applying Equation (63) therefore gives

H H
Ep[K*| =Ep|> | ki +2kn > kj
h=1 j=h+1
H H
<2Ep [Z kn(b— Xp-1)| —Ep Z ki]
h=1 h=1
H
<2Ep [Z k(b — Xh—l)] : (64)
h=1
We next use the scalar inequality
u(logu)? < (c+ 2)(ulogu — u + 1), 0<u<e’y ¢>0. (65)

At u = 0, the left-hand side is defined as zero. For 0 < u < 1, the stronger bound with coefficient 2 follows
fromet > 1+t 412 /2, with t = — log u. For u > 1, the stronger bound with coefficient log u + 2 follows from

(logu + 2)(ulogu — u+ 1) — u(logu)® = (u+ 1)logu — 2(u — 1) > 0.

This proves Equation (65).

Conditional on F},_1, the action likelihood ratio is bounded above by e?~*»-1. Applying Equation (65) to this
ratio, with ¢ = b — Xj,_1, and averaging under the teacher’s conditional action distribution yields

Ep[Yi | Faot] < (b= Xpo1 + 2)k. (66)
Telescoping X ,3 and using Equation (66), we obtain
H
Ep[X%] =Ep [Z (2Xp—1kn +Ep[Y}? | fh_l})]
h=1

<Ep

H
> b+ Xn1 +2)kn
h=1

—2(b+ 1)L(7) — Ep

H
> kn(b - Xh_l)] :

h=1
Since Ep[X 1211] > 0, combining this inequality with Equation (64) proves
Epr[K2) < 4(b+ 1)L(7) = 4(Bso + 1) L(n).
O

Lemma D.2 (Clipping under a relative second-moment bound). Under Assumption 2.1, every 7 € 1l satisfies
L(w) < B and
L(m) := Epr[min{1, K;}] < L(r) < (1+ B)L(m) < 2BL(r).
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Proof. Fix 7 and write K = K, and f = min{1, K'}. Jensen’s inequality gives L(7)? < Ep-[K?] < BL(r),
hence L(7) < B. The clipping inequality is immediate if L(7) = 0. Otherwise, set K/\/f = K?/f = 0 when
K = 0. Cauchy-Schwarz and K2?/f < K + K? give

ww@ﬂﬁﬂ)ﬂmmwm
< Z(m)(L(r) + Epx[K3) < (1 + BYL(m)L(r).

Dividing by L(7) > 0 proves the upper bound. The lower bound follows from f < K,and 1 + B < 2B since
B>1. O

D.2 KL and Hellinger inequalities

All distributions below are on a common discrete space. We write P < @ when Q(z) = 0 implies P(z) = 0.
Ratios P(z)/Q(z) are evaluated where )(z) > 0, and equal zero when P(z) = 0.

Lemma D.3 (KL variational inequality [Polyanskiy and Wu, 2024, Theorem 4.6]). Let R, S be probability
distributions with KL(R||S) < oco. For every real-valued function g satisfying 0 < Eg [e?] < oo,

KL(R[S) > Eg [g] — log Es [e7].

Lemma D.4 (Elementary Hellinger inequalities). For probability distributions P, (),

Dj(P,Q) = Z VP(z) = /Q(2))* < KL(P||Q). (67)

For conditional probabilities r(y | x) > 0 with 3, r(y | x) = 1, define P(y) = >..r(y | 2)P(x) and

Qy) =3,y | 2)Q(). Then o
Du(P,Q) < Du(P, Q). 68)

For a function F with 0 < F(z) < M,

VEp [F] < \/Eqg [F] + VM Du(P,Q). (69)

For distributions R, S, S" and a subset D of their common space,
) M p

Z min{ R(z) Z min{R(z), S (2)} + Du(S,5"). (70)

zeD z€D

Proof. For Equation (67), only KL(P||Q) < oo needs proof. The scalar inequality (/= —1)? < zlogz —x + 1
for x > 0 gives

DA(P.Q) = o | (VPIa -1)] P<Q
<Eq[(P/Q)log(P/Q) — P/Q + 1] (Scalar inequality)
= KL(P[|@). Q. P()=2.QE) =D
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For Equation (68),

D(P,Q)=2—2 Z \/ r(y | z) )) (Zr(y | :U)Q(m)) (Definition of P, Q)
<2-2 Z Z r(y | z)v P(x)Q(z) (Cauchy—Schwarz)
y
=2-2% /P()Q(z) = Di(P,Q). Cyrlylz) =1
For Equation (69),

VEp [F] = |[VFVP|, (Definition of || - ||2)
< IVF\/Qlla + |VF(VP = /Q)|2 (Triangle inequality)
< \/Eq[F] + VM Du(P,Q). O0<F<M)

For Equation (70), the minimum is taken pointwise, and
\/Z min{R(z),S(z)} = ||[1p min{VR, V'S}|| (Definition of || - ||2)
zeD

< [ 1p min{V'R,V§}|2 + [1p(VS = VS)]|2

(Triangle inequality and 1-Lipschitz minimum)

< \/Z min{R(2), $(=)} + Du(S, ). (1p <1)

zeD

O

Lemma D.5 (Hellinger-to-KL conversion). If P < Q and P(z)/Q(z) < €’ for b > 0, then
Dii(P,Q) <KL(PIIQ) S (1+b)DE(P,Q),  KL(P|Q) <b

Proof. For0 <z < eb, the scalar comparison underlying Sason and Verdd [2016, Theorem 9], at Hellinger
order 1/2, gives zlogz —z +1 < (1 +b)(y/z — 1)2. Hence

D% (P, Q) < KL(P||Q) (Equation (67))
=Eq [(P/Q)log(P/Q) — P/Q + 1] (Eq [P/Q]=1)
< (14 b)Eqg [<\/pTQ - 1)2] (Scalar comparison, P/Q < ¢b)
= (1+b)D4(P,Q). (Definition of D)

Also KL(P[|Q) = Ep [log(P/Q)] < b. O

D.3 Concentration and testing bounds
Let (F)L _o be the training-history filtration. The history /;_; includes all observations and randomization

before episode ¢, and E; [-] = E[- | F;_1]. In particular, 7 and its trajectory are both averaged over unless 7 is
explicitly included in the conditioning.
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Lemma D.6 (A fixed-time exponential inequality). Let X; be F;-measurable with |X;| < 2. For fixed T,
0<A<1/2 ande € (0,1), each of

S ~E, [x?] 4 o8(1/0
DX <Y B [Xi + Y B [XP]+ (71)
t=1 t=1 t=1
S S s los(1/e)
DUEX] <D X+ AY B [XP]+ (72)

holds with probability at least 1 — e.

Proof. The exponential inequality of Foster et al. [2024, Lemma D.1], applied to —A X4, gives, with probability
at least 1 — e,
log(1/e)

log E; [e’\X’f} + — (Foster et al., 2024, Lemma D.1)

A
> =
W

T
X <
t=1

W
Il
—

log (1 + AE, [X] + N°Eq [X7])

IN
> =
B

t

Il
e~

+ og(/\l/e) e <l+z+2% |z <)
- g x2] L los(1/9)
SgEt [Xt]+)\tZZ;IEt (X7 + = (log(1 + ) < )
This is Equation (71). Applying the same inequality to — X, gives Equation (72). O

Lemma D.7 (Empirical minimization of bounded scores). Let the vectors (Z(m))rcn1 be independent and
identically distributed across t, with 0 < Zy(m) < 1 and u(w) = E[Z(r)]. Dependence across candidates
within an episode is allowed. Every empirical minimizer T € arg min,cr Zthl Zy() satisfies, with probability

at least 1 — 6, (1/5)
log(|1I|/6
PR
() S min p(r) + —2—.

Proof. For every , independence across episodes and boundedness give E; [Z;(7)] = p(7) and E; [Z;(7)?] <
p(m). With A = 1/2 and € = 6/(2|11|), Equation (71) and Equation (72) hold simultaneously for all 7 € II with
probability at least 1 — §. On this event,

T T
1 1 2log(2|11|/6
= ; Zi(m) = ()| < o ; B¢ [Zi(m)?] + Og(TH/) (Equations (71) and (72))
1 2log(2|I1|/6
< Su(m) + 28T (Zm? < Z(m) ()
For 71, € argmingerr pu(7),
T
1 1 2log(2|11] /6
§,u(%) < T tz; Zy(m) + W (Equation (73))
T
< % ; Zi(m) + 210g(2T|H/5) (Definition of 7)
< gu(ﬂu) + W. (Equation (73))
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For |II| > 2, log(2|1I|/d) < log(|I1]/d). For |II| = 1, pu(7) = mingegy p(m). O

Lemma D.8 (Adaptive equality tests). Let © be uniform on [k] and n > 0 be an integer. A possibly randomized
learner obtains information about © only through at most n tests. Each test selects j € [k] using previous
answers and reveals 1{j = ©}. Every final estimate © € [k| satisfies

IP’{(:);&G)}Zl—nZl.

Proof. The claim is trivial for n > k — 1. For a deterministic learner, let j1,. .., jq, ¢ < 1, and b be its tests and
final estimate when every answer is zero. Then

O ¢ {j, - dgy = o= b, (Every test returns zero)
{6=0}C{Oc {j,....jpb}},
p(6 = o) < Uendulll (ot L ntl (Uniform ©)

For a randomized learner, the same bound holds conditional on its internal random choices and hence also after
averaging. O
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